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The p r o b l e m  of d e t e r m i n i n g  the t h e r m o e l a s t i e  s t r e s s e s  f r o m  a l i n e a r  h e a t  s o u r c e  l o c a t e d  
a t  the a p e x  of a wedge  r e d u c e s  to the b a s i c  p r o b l e m  of  the t h e o r y  of e l a s t i c i t y  wi th  e x t e r n a l  
f o r c e s  p r e s e n t e d  in the f o r m  of  s e v e r a l  func t iona l  s e r i e s .  The s t r e s s e s  a r e  d e t e r m i n e d  by 
m e a n s  of the c o m p l e x  K o l o s o v - M u s k h e l i s h v i l i  r e p r e s e n t a t i o n .  

L e t  us  e x a m i n e  the q u a s i s t a t i c  p r o b l e m  of the d i s t r i b u t i o n  of t h e r m a l  s t r e s s e s  in an inf in i te  wedge  
wi th  a d i a b a t i c  b o u n d a r i e s  and a d i v e r g e n c e  angle  2r ~ II. F o r  d e f i n i t e n e s s ,  we c o n s i d e r  the c a s e  of  a p l ane  
s t r e s s e d  s t a t e .  We a s s u m e  tha t  the  t h e r m o p h y s i c a l  c o e f f i c i e n t s  of the m a t e r i a l  do not  e x c e e d  the l i m i t s  
of e l a s t i c i t y  and a r e  i ndependen t  of  t e m p e r a t u r e .  Le t  a l i n e a r  hea t  s o u r c e  whose  i n t e n s i t y  v a r i e s  a s  q e x p  
(iwt) be a p p l i e d  a t  the a p e x  of the wedge  (r -> 0; - r  -< ~ -< r . We know [3] that  the t e m p e r a t u r e  in a s t e a d y -  
s t a t e  p e r i o d i c  r e g i m e  i s  equa l  to 

H e r e  p = ~ ;  co and q a r e  c o n s t a n t s .  

T - -  q - -  - -  exp (io)t) Ko (pr). (1) 
2 k ,  

The s t e a d y - s t a t e  p e r i o d i c  t h e r m a l  s t r e s s e s  a r e  d e t e r m i n e d  [3, 4] a s  the s u m  of  the s t r e s s e s  

The s t r e s s e s  wi th  a s ing le  o v e r s c o r e  a r e  d e t e r m i n e d  th rough  the t h e r m o e l a s t i c  p o t e n t i a l  of the d i s -  
p l a c e m e n t s  0 f r o m  the f o r m u l a s  

= - -  2G 020 
Or 2 , % + ~ = - - 2 G h O ,  (3) 

o [ZOO] 
x r ~ = 2 6  0--r-~_r 0r " (4) 

The  s t r e s s e s  wi th  two o v e r s c o r e s  a r e  d e t e r m i n e d  h e r e  by m e a n s  of the A i r y  func t ion  in c o m p l e x  
f o r m ,  and the b o u n d a r y  c o n d i t i o n s  fo r  th is  func t ion ,  g iven  an a b s e n c e  of e x t e r n a l  l o a d s ,  a r e  found f r o m  the 
e q u a t i o n  

Proceeding from the equation 

we determine the thermoelastic potential of the displacements 

0 = AiKo (pr), A t (1 + ~t) aaq 

(5) 

exp (io)t). (6) 
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The stresses with one overscore, according to (3) and (4~), have the form 

~,  + ~, = - -  AKo (pr), - ~  = - -  A[ (pr), ~c-,, = O, 

where 

[ (pr)=Ko(pr)+ Ki(pr) ; A =  2Gp2Av 
pr 

(7) 

Considering the familiar series for the Bessel functions, we obtain the boundary conditions for the 

stress function in the form 

r 

~-~ + i ~  = A ~ O2~ {a~ in P + [~} + A (20) -'2 when qD = + r 
n=O 

Here we denote 

(8) 

2 n +  1 ( 2 n +  1)z(n + 1 ) - - z ( n  + 2) pr 

2 n ! ( n + l ) '  ~ - -  ' P ' 4n! (n + 1)! 2 

1 1 ~,, 
z ( n + l ) = - - ~ * + l  + ~ - +  . . .  + - - ; n  =0 .577  . . .  

which is the Euler constant. In the boundary conditions the term in the form of (2p) -2 produces no t:hermo- 

elastic stresses and, consequently, it can be eliminated. We have derived a representation of the boundary 
conditions in the form of several functional series which are generalizations of the power series. 

This is the problem which we find in studying a linear heat source at the apex of a wedge when we 

consider the transfer of heat to the side surfaces [i] in a steady-state regime: 

T = q Ko(mr), ~ = - -E l (mr) ,  
2 % l  

G(1 -4- Ix)aq 
-~, + ~ = - -  EKe(mr), ~,r = 0; E - 

, M  

If we examine the instantaneous or continuous sources at the apex of the wedge, as follows from [6], the 

boundary conditions can be represented in the form of power series. 

We can draw the conclusion that a number of problems relating to thermal elasticity for a wedge can 

be reduced to the basic problem of the theory of elasticity, if at the sides of the wedge we have distributed 
the surface forces that are symmetrical or antisymmetrical with respect to the axis of symmetry and if 

they are specified in the form of power series or in the form of certain generalizations. This is explained 

by the fact that the functions satisfying the equations of heat conduction are analytical with respect to the 
coordinates [5]. 

We solve the stated problem in general form. 

Let surface forces specified in the form of converging series in the interval (0, ~) be distributed on 

the sides of the wedge: 

(c% + i~,~)~=, = ~ r n (c~ lnr + ~ ) ,  (9) 
n = O  

( ~  + iT,,)~=_, = q ~ r n (a, lnr + [~,). (10) 
n=O 

In the following we will consider only the case of symmetrical loads, i.e., the plus sign is taken in (i0). 

The solution for the antisymmetrical loads is achieved in analogous fashion. 

We seek [3] the complex stresses in the form 

~r + ~,  = 2 [~ (z) + �9 (z)l, 

(i v + i~re= tD (Z) + Cl~ (Z) + e 2iq~ [ZtI)' (Z) + ~ (Z)]. 

(11) 

(12) 
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We s e l e c t  the unknown a n a l y t i c a l  func t ions  ~(x) and  ~(z )  in the f o r m  

2 (I) (z) = zn (a~ In z -t- b~), T (z) = ~ z ~ (c~ In z + en). 
n~0 n~0 

Here  we can  a s s u m e  tha t  b0 i s  a r e a l  n u m b e r .  

C o n s i d e r i n g  the r e p r e s e n t a t i o n s  

@ (z) q-- ~P (z) = ~ Re {z n (a,~ In z q- b,~)}, 
n=O 

(13) 

(14) 

e2'~ [z(I)' (z) + W (z)l = ~ z ~ {(c~ In z -}- e~) e2~e + a~} + ~ 7/2 n ( a  n h l  z ~ -  ha )  , ( 1 5 )  

n~0 n ~  1 

w h e r e  z - r e  i q ,  in  z = in  r + iq~ (q~ i s  the p r i n c i p a l  va lue  of the a r g u m e n t )  and  the b o u n d a r y  c o n d i t i o n s  (9) 
and  (10), r e s p e c t i v e l y  equa t ing  the c o e f f i c i e n t s  fo r  r n and  r n l n r ,  we ob ta in  a s y s t e m  of e q u a t i o n s  fo r  the 
unknowns  a n ,  bn,  en ,  and e n.  F o l l o w i n g  s i m p l e  c a l c u l a t i o n s ,  so lu t i on  of th i s  s y s t e m  y i e l d s  

a o -  a~ t" s i n25 Im~~  ," eo 25i Im~~ bo=- 2 R e ~ ~ 1 7 6  ," 
2 A o A o 4 

Rea,~ ' i Irna~ -I 
a .  = sin(n + 2)5 A(,) -1- --~2~-2) I ;  

c,~ sin 24 = a,~ sin 2n5 - -  % sin nS, co --  0; 

Re A,~ I m A,~ 
b ~ -  A~,) + i  A~2----- 5 -  ; 

A~ = 13~ sin (n ~- 2) 5 ~- u ~  cos (n -t- 2) ~p - -  2a,~ cos 2 (n + 1) 5 - -  a~ sin 24; 

e~ sin 24 = - -  ~ sin n 5 ~- 2a~5 cos 2n 5 - -  % 5  cos 24 + b~ sin 2n5; 

A(~ 1,2) = (n -t- 1) sin 2~ • sin 2 (n -t- 1) ~, A o = 24 cos 24 - -  sin 24. 

It f o l l ows  f r o m  th i s  s y s t e m  of e q u a t i o n s  tha t  the n u m b e r  a 0 m u s t  be r e a l .  A l l  of  the c o e f f i c i e n t s  u n d e r  t hese  
a s s u m p t i o n s  a r e  un ique ly  de f ined  and c a l c u l a t e d  in s e q u e n c e .  C o n s i d e r i n g  (14) and (15), s e p a r a t i n g  the r e a l  
and  i m a g i n a r y  p a r t s ,  the  t h e o r e t i c a l  f o r m u l a s  fo r  the s t r e s s e s  a r e  w r i t t e n  out in a c c o r d a n c e  wi th  (11) and (12). 

L e t  us  c o n s i d e r  the p a r t i c u l a r l y  i m p o r t a n t  s p e c i a l  e a s e  in which  the load  is s p e c i f i e d  a t  the s ide  in the 
f o r m  of p o w e r  s e r i e s  

(~ + ixrr = ~ g~r n when (p = + 4 .  

n=0 

To f ind a s o l u t i o n  f o r  th i s  p r o b l e m ,  i t  m u s t  be a s s u m e d  in the p r e v i o u s  f o r m u l a s  tha t  c~ n = a n = Cn = 0, a 0 
0. We f ind  

b~ --  sin (n + 2) S V  R e ~  I m ~  ] sin 25Im8o 
A,n, a . = - - i  L h~" j Ao 

e~ sin 24 = - -  15~ s inn5  -I- b-. sin 2n5, eo --  i 2 4  Im I~o . 
Ao 

This case is of independent interest in the theory of elasticity, since the representation of the external loads 
in the form of power series is not burdensome in actual practice. This follows from the well-established 
fact that any smooth function can always be approximated by polynomials with whatever degree of accuracy 
is required. 

In conclusion, we note that the uniform convergence of the series in the boundary conditions ensures 
uniform convergence of the series defining the complex functions and the stress components. 

The case of the half-plane ~b = II/2 must either be examined separately or the solution must be found 
from the general passage to the limit. 
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NOTATION 

t 
~, a, k, h, a, G 

l 
( r ,  ~ ) ,  ~ ,  cr r ,  T r ~  

~:o(r), Kl(r) 
i 
R e z ,  I m z  
A = 0 2 / 3 r  2 + ( 1 / r ) ( ~ /  
m 2 = 2 h / / k .  

is the time; 
are the Poisson coefficient, the coefficient of thermal diffusivity, the coefficient 
of thermal conductivity, the coefficient of linear expansion, the heat-transfer coef- 
ficient, and the shear modulus; 
is the wedge thickness; 
are the coordinates of the points and of the stresses in a polar coordinate system, 
and the polar axis coincides with the wedgers axis of symmetry; 
are cylindrical functions of the imaginary argument, of zeroth and first order; 
is imaginary one; 
are the real and imaginary parts of the complex number; 
~r) + ( 1 / r  2) (D 2 /~02 )  ; 

I. 

2. 

3. 
4 .  
5. 
6 .  
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